In value-at-risk (VaR) methodology of option risk measurement, the determination of market values of the current option positions under various market scenarios is critical. Under the full revaluation and factor sensitivity approach which are accepted by regulators, accurate revaluation and precise factor sensitivity calculation of options in response to significant moves in market variables are important for measuring option risks in terms of VaR figures. This paper provides a method for pricing equity options in the constant elasticity variance (CEV) model environment using the Lie-algebraic technique when the model parameters are time-dependent. Analytical solutions for option values incorporating time-dependent model parameters are obtained in various CEV processes. The numerical results, which are obtained by employing a very efficient computing algorithm similar to the one proposed by Schroder [11] , indicate that the option values are sensitive to the time-dependent volatility term structures. It is also possible to generate further results using various functional forms for interest rate and dividend term structures. From the analytical option pricing formulae, one can achieve more accuracy to compute factor sensitivities using more realistic term-structures in volatility, interest rate and dividend yield. In view of the CEV model being empirically considered to be a better candidate in equity option pricing than the traditional Black-Scholes model, more precise risk management in equity options can be achieved by incorporating term-structures of interest rates, volatility and dividend into the CEV option valuation model.
Introduction
The Black-Scholes option pricing model [2] is a member of the class of constant elasticity of variance (CEV) option pricing models. The diffusion process of stock price S in a CEV model can be expressed as
where µ is the instantaneous mean, σS β/2 is the instantaneous variance of the stock price, dZ is a Weiner process and β is the elasticity factor. The equation shows that the instantaneous variance of the percentage price change is equal to 2 /S 2−β and is a direct inverse function of the stock price. In the limiting case β = 2, the CEV model returns to the conventional Black-Scholes model in which the variance rate is independent of the stock price. In another case β = 0, it is the Ornstein-Uhlenbeck model. Empirical evidence has shown that the CEV process may be a better description of stock behaviour than the more commonly used lognormal model because the CEV process allows for a non-zero elasticity of return variance with respect to prices. Schmalensee and Trippi [10] find a strong negative relationship between stock price changes and changes in implied volatility after examining over a year of weekly data on six stocks. By applying the trading profits approach on 19,000 daily warrant price observations, Hauser and Lauterbach [7] find that the CEV model roughly doubles the trading excess returns of the BlackScholes model. The superiority of the CEV model is strongest in out-of-the-money and longer time to expiration warrants. The results are consistent with the findings in Lauterbach and Schultz [8] . If the relationship between the variance and the stock price is deduced from the empirical data, an option pricing formula based on the CEV model could fit the actual market option prices better than the BlackScholes model. Beckers [1] finds 37 out of 47 stocks in a year daily data set to have estimated β to be less than two and concludes that the CEV diffusion process could be a better candidate of describing the actual stock price behaviour than the Black-Scholes model.
The derivation of the CEV option pricing formula with β = 1 (commonly known as the "square-root process") was first presented by Cox and Ross [4] as an alternative diffusion process for valuation of options. Cox [3] also derived the option pricing formula for β < 2. However, the solutions of the CEV model have been considered to be computationally intensive because of its association of computing an improper integral and an infinite sum. The difficulty in the computational aspect has made the CEV option pricing formula not used widely by practitioners (Hauser and Lauterbach, [7] ). Schroder [11] presented an algorithm for computing the solutions to overcome this difficulty and claimed that it was efficient but no numerical results have been demonstrated.
All the above derivations assume the model parameters such as volatility, interest rate and dividend yield are constant. However, the model parameters are actually time-dependent in market. In constrast to the analytical solution for the Black-Scholes model, the analytical solution for an option with the CEV process cannot be easily extended to the case where the model parameters are timedependent. Only recently, using an approach based upon the stochastic calculus, Goldenberg [5] succeeded in introducing time-dependent volatilities into the special case of square-root process and obtaining the closed-form option pricing formula explicitly. However, no numerical calculations have been performed to investigate the effect of the time-dependent volatilities on the option prices. Hence, this paper has two main purposes: (1) to propose a Lie-algebraic technique to value options (both call and put options) for the CEV class with timedependent model parameters, and (2) to demonstrate that the time-dependent term-structures of the model parameters have a significant effect on the option prices.
The scheme of this paper is as follows. In the following section we consider the CEV model with time-dependent parameters for a standard European option and derive its pricing formula using the Lie-algebraic approach. Numerical results are discussed in Sec. 3.
CEV Model for a Standard European Option
The CEV model with time-dependent model parameters for a standard European option is described by the partial differential equation [3] 
for 0 ≤ β < 2. Introducing a simple change of variables: (2) can be recast in the following form:
. It is not difficult to show that the operator H(τ ) can be rewritten as follows:
where
The operators K + , K 0 and K − are the generators of the Lie algebra su(1,1) [9] :
We may define the evolution operator U (τ, 0) such that
Inserting Eq. (7) into Eq. (3) yields the evolution equation
with
Since the su(1,1) algebra is a real "split 3-dimensional" simple Lie algebra, the Wei-Norman theorem states that the evolution operator U (τ, 0) can be expressed in the form [12] :
where c i (τ ) are to be determined. Then by direct differentiation with respect to τ , we obtain
Substituting Eq. (9), Eq. (10) and Eq. (11) into Eq. (8), and comparing the two sides, we obtain after simplification
Equation (13), which is just a Bernoulli equation, is the equation we have to solve first to determine c 1 (τ ), and obviously the only admissible solution is the trivial solution c 1 (τ ) = 0. Once c 1 (τ) is determined, c 2 (τ ) and c 3 (τ) can be obtained readily by direct integration:
Hence, we have obtained an exact form of the time evolution operator U (τ, 0) of the system. Now we apply the above results to the case of a standard European call option. Without loss of generality, we suppose that u(x, 0) = x (α+1)/2 v(x, 0), where α = (4 − β)/(2 − β) and
Then it is not difficult to show that u(x, τ ) is given by
The function J µ is the Bessel function of the first kind of order µ. Here we have made use of the fact that x (α+1)/2 J (α−1)/2 (xν) is an eigenfunction of the operator K − with the eigenvalue −ν 2 /2 as well as the well-known relation
The integral over ν can be evaluated to give [6] 
The function I µ is the modified Bessel function of the first kind of order µ. As a result, the desired kernel K(x, τ ; y, 0) is found to be
Since S = x α−1 and P c (S, τ ) = u(x, τ )/x, we can readily obtain P c (S, τ ) as follows:
The propagator K(S, τ ; R, 0) is for the most general CEV model with timedependent parameters, and thus results for any special case can be easily deduced from it. For instance, in the case of constant model parameters the corresponding propagator is simply given by
which is in agreement with the results of previous studies [3, 4, 11] . Also, for the square-root case, i.e. β = 1, we recover the transition probability density derived by Goldenberg [5] using the stochastic calculus approach. Furthermore, provided a call option with P c (S, 0) = max(S − S 0 , 0), the integration in Eq. (23) can be easily carried out to yield the explicit pricing formula
The function G(ξ, ω) is the complimentary incomplete gamma function [6] .
Next the case of a standard European put option with P p (S, 0) = max(S 0 − S, 0) = max(S − S 0 , 0) − (S − S 0 ) = P c (S, 0) − (S − S 0 ) is considered. It is obvious that the put option price P p (S, τ ) at any time τ > 0 is given by
Making use of the relations:
Equation (28) can be re-written as
which beyond question satisfies the desired boundary conditions [13] . It is interesting to note that Eq. (30) resembles closely the conventional put-call parity relation in the case of constant model parameters [13] . As a consequence, once the call option price P c (S, τ ) is evaluated, the put option price P p (S, 0) can be obtained readily.
In the following section we shall present numerical results of the time-dependent CEV model, which are obtained by employing a very efficient computing algorithm similar to the one proposed by [11] . The numerical data shows that the timedependent term-structures of the model parameters have a significant effect on the option prices.
Numerical Results
The pricing formula Eq. (26) is used to evaluate call option values with timedependent volatility σ(τ ) for different CEV processes. The risk-free interest rate and dividend are assumed to be constant. As an example, we consider the following Gaussian type term structure for the volatility variance σ(τ ):
The above term structure can be interpreted as a pulse of surge or drop (depending on the sign of a 0 ) in market volatility. The centre of the pulse is at time τ 0 . The width of the pulse is determined by b 0 . The term structure with parameters σ 0 = 20%, a 0 = 1, b 0 = 0.01, and τ 0 = 0.5 is chosen to perform numerical calculations. Since the term structure involves a Gaussian function only, c 3 (τ ) in Eq. (16) can be determined analytically.
To illustrate the effects of the volatility term structure on option valuation, we choose a call option with underlying price S = 20, risk free interest rate r = 5% and dividend d = 0. We consider three CEV processes for β = 0 (Uhlenbeck), β = 1 (square root), and β = 2 (Black-Scholes) in the numerical calculations. The option Table 1 . Call values with the time-dependent volatility term structure. Table 2 . Call values with flat volatility 20%. Table 2 . The volatility pulse causes the increases in the option values in general, especially for options with longer time to maturity. For shorter time to maturity, say τ = 0.25, the small impact of the pulse on the options does not make much difference in the option values. By comparing the option values of different strikes, we find that the volatility term structure influences more the out-of-the-money (OTM) call values in absolute numerical terms and in percentage terms. It is shown from the in-the-money (ITM) (strike = 18) Black-Scholes model value, which is 3% higher than that with the flat volatility, while the OTM (strike = 22) Black-Scholes model value is 11% higher than that with the flat volatility. Similarly, the ITM (strike = 18) Uhlenbeck model value is 3% higher than that with the flat volatility, while the OTM (strike = 22) Uhlenbeck model value is 11% higher than that with the flat volatility. The reason for this observation is that an OTM option value is mainly due to time value which is affected by volatility. Therefore OTM options are more sensitive to volatility term structures.
The numerical results show that the OTM option model values decrease with the decrease in the elasticity factor β while the ITM option model values increase slightly with the increase in β. They are consistent with the calculations performed by [1] . Since OTM options with a longer time to maturity are more sensitive to volatility term structures, if the superiority of the CEV model being strongest in OTM and longer time to maturity warrants [7] is valid, the CEV option pricing model incorporating time-dependent model parameters could be important to make the model be a more attractive alternative formulation of equity option pricing.
In summary, we have shown that the volatility term structure effects have significant impact on the valuation of options, especially OTM options with a long time to maturity. The CEV option pricing model incorporating time-dependent model parameters could provide a better formulation of equity option pricing. In the above illustrations, the volatility term structure being used can be analytically integrated to obtain option model values. Using numerical integration, it is also possible to generate further analytical results using various functional forms for interest rate and dividend term structures. More accurate revaluation and precise factor sensitivity calculation of options can therefore be obtained to generate VaR figures for risk management.
